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ABSTRACT
We study the structure of optimal solutions for a class of constrained,
second order variational problems on bounded intervals. We show that,
for intervals of length greater than some positive constant, the optimal
solutions are bounded in C! by a bound independent of the length of
the interval. Furthermore, for sufficiently large intervals, the ‘mass’ and
‘energy’ of optimal solutions are almost uniformly distributed.

Introduction

In this paper we investigate the structure of optimal solutions of variational

problems associated with a class of functionals of the form

(0.1)

where D is a bounded interval on the real line and f € C(R3) belongs to a space
M, to be described below, such that I/(D;-) is an extended real functional on
W21(D) which may obtain the value +00 but is bounded from below. Specifically

If(D;w):/ Flw(t),w'(t),w"(t))dt, Ywe W>(D),
D

we shall study the problems

(P5)

and

(Ph),

inf{J/ (D;w): w € W31(D)}

inf{Jf(D;w): w € W(D), (w)p = a},
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where
(0.2) J(Dyw) = 5 I (Ds w), (w)D:ﬁ/Dwdx.

We shall also consider the corresponding problems with prescribed boundary
values for X,, := (w,w'),
(P4

inf{J/(D;w): w € WD), Xo(Th) =7, Xo(T2) =y}, D=(T),T2)

and
(P,f))Z'y inf{J(D;w) : w e WHY(D), Xo(Th) = 2, Xo(T2) =y, (w)p = a}.

It will be assumed that f satisfies conditions which guarantee that each of the
above problems possesses a minimizer for every bounded interval D, and we shall
be interested in the structure of these minimizers for large |D|. As in [8, 9, 10]
this study is based on the relation between problems (PZ) and (P{;)a on large
intervals and the corresponding limiting problems on K:

(Pf) inf{J (w): w e WEI(R) nWh=(R)},

(P1), inf{J/ (w): w € W2 (R) n W"*°(R), (w) = a},
where

(0.3) JH(w) = lim inf JH((-T,T);w), (w) = lim (w)_r.7).

Similarly we define

(0.4) .Ji(w)=1i7mianf((o,T);w), (w)+ = lim (w)o.r),

and the one-sided limiting problems (PY), (Pi)a.
Note that problem (Pf;)a on an interval D = (0,T) is equivalent to problem

1
(Pf)i mf{/ f(v,ev’, 2" )ds: v € W“(O,l),/ v:a},
0

where ¢ = 1/T and v(s) = w(sT), w € W2!(0,T). Therefore our study is
tantamount to the study of a class of singular perturbation problems.
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The constrained variational problems on bounded intervals were conceived as
models for determining the thermodvnamical equilibrium states of unidimen-
sional bodies involving ‘second order’ materials (see {4]). In the special case

(05) f(u,u',u”) — un? _ bu'2 + w(u),

where 9 is a potential such as ¥(u) = (u? — 1)?, problem (Pf) becomes

1
inf{§/ (2" = bev? + Y(v))ds: v e WE(—1,1), %/ 1;:(1}.
-1

We note that for € = 0 this reduces to the Gibbs free energy model, while for
€ > 0 and b == 0, (0.5) reduces to a second order version of the van der Waals
model.

The unconstrained limiting problem (Pf) was studied in (7], (14, 15, 16], [10]
and [11]. The constrained limiting problem (Pf) was studied in (4], [8] and
[9]. The relation between the problems on bounded large intervals and the cor-
responding limiting problems was first studied in [8] and (9] (for constrained
problems) and in [10] (for unconstrained problems). Equations related to exam-
ple (0.5) were studied by manyv authors. For example, the stationary states of the
extended Fisher- Kolmogorov equation, namely —yu'™) +u” +(u—u%) = 0, v > 0,
were studied in {12, 13]. For other related studies see {3, 5] and the references
mentioned therein.

We turn now to the definition of the spaces of integrands considered in the
present paper. Put

A ={f € C(R®): |f(x1, 22, 23)] = 00 as |z3| = 00,

(0.6) uniformly with respect to (xy,z,) in compact sets}.
2 will be equipped with the uniformity determined by the base

E(N,e) ={(f,9) € A x A (i) f(z) —g{z)] <€, if |z:] <N, i=1,2,3,
[f(z)] +1

lg@[+1 =
V = (x1,22,23) € R},

(0.7) (i)l —e < <1l+e if o] | <N

where N and € are positive numbers. It is easy to verify that the uniform space
2 is metrizable and complete.
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The space of integrands 90t considered in this paper is a subspace of 2 which
depends on several parameters, namely @ = (a;,...,aq) € RY, a; > 0 and
o, 8,7 € R such that

(0.8) 1<f<a, f<v, 1<y

A function f € U belongs to MM = M{a, F,v,a) iff it satisfies the following
properties:

(0.9) (i) 8*f/0z2 > 0,
(iii) f(z) > a1]z1|* — a2|12]ﬂ + as|zs|” — a4,

(i) f € C*(R®), 8f/dz2 € C*(R3), Of |8z3 € C3(R®),
)
i)
(i) (I +1V() < My(lea] + |z2)(1 + |23]"), Vz e R®,

where My : [0,00) — [0, 00) is a continuous function depending on f. The closure
of 9 in A will be denoted by M.

Assumption (0.9) implies that if f € 9% and D is a bounded interval, then
If(D;") is an extended real valued functional on W21!(D) with range (—oo, +00].
For v € W»(D), I/(D;v) < 400 if and only if v € W27(D). In addition, (0.8)
and (0.9) imply that this functional is bounded below (see (0.11)).

Given a function f € 9 and a bounded interval D with |D| = T put

)

= inf(Pf), o (a) = inf(Pf)
(0.10) i = inf(P}), ¢h(a) = inf(PL)_,
h(e,y) = inf (PL)™,  ¢f(a;z,y) = inf(PL)7",

a

a

for every z,y € R? and a € R. The functions ¢/, ¢}, ¢4, it are called response
functions of the respective problems. Some properties of ¢/ are described in
Proposition 0.1 below. Each of the other functions is continuous in all its variables
(e.g., ﬂ,i; € C(R*)) and tends to infinity as its argument tends to infinity in
Euclidean norm (see {8, Lemma 1.3]).

Conditions {0.8) and {0.9)(iii) imply that there exists a constant by such that,
for every f € M and every T > 1,

T
1
(0.11)  I/(0,T,v) 2/ (503|U”|7 +ay|v|?)dt — bT, Yve W>7(0,T)
Q

(see [10, Lemma 2.2]). Obviously bg depends on the parameters defining 9. This
coercivity property and conditions (0.8) and (0.9) imply, by standard existence
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theory, that each of the problems (P():),T))’ (P({),T))a’ (P(J;,T))x’y, (P(’;,T))z’y
possesses a minimizer for every T > 0, every z,y € R? and every ¢ € R. The
existence of minimizers for the unconstrained problem (Pf ) was established in
[7). Moreover, it was shown that if uf < infgs f(w,0,s) then (Pf ) possesses a
periodic minimizer. The restriction on f was later removed in [14]. The existence
of minimizers for the constrained problems (Pf) was established in [4]. Some
additional results of [4] are summed up in the next proposition.

PROPOSITION 0.1: Assume that f € 9. Then:
(i) The function a — ' (a) is finite everywhere and convex on R.
(ii) If @ is an ezposed point with respect to ¢/, i.e.

(0.12) INeER: ©(s)>pf(a) +As-a), VsecR-{a},

then (P'), possesses a periodic minimizer.
(iii) p(a)/|a| = oo as |a] — oo.

A study of the properties of minimimizers of the constrained problem (P]'g)a
on bounded intervals was initiated in {8}, [9]. These papers were concerned with
the relation between the problems on large bounded intervals and the formally
limiting problem (Pf),. It was shown that this relation can be employed in order
to derive properties of minimizers on large intervals on the basis of information
concerning the limiting problem. These papers dealt with integrands of the
form (0.5), where 9 is a potential satisfying certain growth and monotonicity
conditions at +oo including the coercivity condition 1(u)/u? — oo as |u| = oo.
The standard example is provided by the double well potential, 1 (u) = (u? —1)2.

In the present paper we continue this study extending it to the general class
of integrands M. In addition we shall be concerned not only with minimizers of
(Pé)a but also with the wider family of almost minimizers, which will be defined
below. The study of our variational problems in this wider context requires new
techniques.

For the statement of our main results we need the following definition.

Definition 0.2: Let f € M, let D be a bounded interval and let Pg stand for any
of the variational problems involving the functional J/ (D, -) defined above. Given
8 > 0 and u € W27(D) we shall say that u is a s-approximate minimizer of
problem 73£ if

(i) u satsifies the constraints and boundary conditions associated with the
problem, and

(i) J/(D;u) < inf P, + 6/|D).
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At this point it is convenient to introduce also the following terminology and
notation.

Definition 0.3: Let f € Mand £ € R
(a) The subdifferential of the response function ¢ at £ will be denoted by 9/ (€).
The set

(013) IO ={eR: @ (s) > () +As—a), VseRN{¢}}

will be called the reduced subdifferential of p/ at ¢.

(b) ¢ is an exposed point relative to ¢f if &'¢f(€) # 0.

(c) ¢ is an extremal point relative to of if (£, pf (£)) is extremal relative to the
epigraph of /.

(d) Given ¢ € R and X € 8¢/ (€), put

Er(N) = {n: ¢! () — (&) = M - 6)}.
If o7 is differentiable at & and A = (¢f)'(€), put E;(&) ==& (M)

Clearly £f(A) is a closed interval containing £ and Proposition 0.1 implies that
this interval is bounded. If A € &'/ (€), then the interval reduces to one point.
Note that, by Proposition 0.1, for every real ) there exists £ such that A € 9pf (€).

Our first main result concerns the uniform boundedness of approximate mini-
M1zZers.

THEOREM 1. Let f € M. For every X € R and every two positive numbers §, T
there exists a number C = C(); 6, 7) such that the following statement holds.
Let v € W27(0,T), £ = {v)o,r) and X € dp! (§). If T > 7 and v satisfies

(0.14) J1(0,T;v) < oh(€) +6/T,
i.e. v is a §-approximate minimizer of (P({),T)) ¢ then

(0.15)  Jlvllero,r) £ Cf(X; 6,7) and  sup I ((s,s +1);v) < C(X; 6,7).
0<s<T-1

Remark: For integrands f of the form (0.5), this result was established in (8]

with respect to minimizers of (P(’; T)) ¢ In that case it was shown that, for every

compact set K, the bound C can be chosen independently of £ = (v)(o 1) for
{eK.

Our second result concerns the uniform distribution of mass and energy of
approximate minimizers in sufficiently large intervals.
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THEOREM II: Suppose that f € M and A € R. Then, given two positive numbers
€, 3, there exists L = L¢(A;€,0) > 0 such that the following statement holds.

Let v € W21(0,T), € = (v)o1) and A € dp!(£). If v satisfies (0.14) and
T > L, then

(0.16) dist((v)p.E5(N)) < e, dist(JI(D;v). ¢! (£ (V) < e,

for every interval D C (0,T) such that |D| > L. In particular, if £ is an exposed

point and v is a d-approximate minimizer of (P({).T))g’ then

(0.17) (wyp—€ <e  [J(Dyv) — (&) <e

Remark: For integrands f of the form (0.5), this result was established in [9]
with respect to minimizers of (P({)‘T))f. In that case it was shown that, for
every compact interval K such that infg (f(-,0,0) — ¢f) > 0, L can be chosen
independently of £ = (v)(o,1) for { € K.

Our third result provides a more precise estimate for a related energy func-
tional.

THEOREM II1: Assume f € MM and A € R. Then, given 7 > 0 and § > 0, there
exists C = Cy(X;7,8) > 0 such that the following statement holds.

Let v € W7(0,T). £ = (v)o,1) and A € 3/ (£). If v satisfies (0.14) and
T > 7, then

(0.18) (27 (D;v) = Mv)p) = (7 (€) = X€) < C/|D,
for every interval D C (0,T). In particular, for every £ € R and X € 9/ (€),

(0.19) |8 (€) — ¢ (€)] < Cp(Xi7,0)/T.

Remark: For integrands f of the form (0.5), inequality (0.19) was established
in [9]. In that case it was shown that, for every compact interval K such that
infx (f(-,0,0) — of) is positive, Cy can be chosen independently of € in K.

The plan of the paper is as follows. In section 1 we establish the continu-
ity of the response functions (£, T, f) — cpé(f), (z,y,T,f) (p%(z,y) and
& z,y,T,f) — (,bé(f,z,y) and some rclated boundedness results. In addition
we show that they are Lipschitz continuous with respect to &, z,y and Holder
continuous with respect to T', uniformly with respect to f in appropriate subsets
of 9M. In section 2 we present some background results and establish the existence
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of periodic minimizers of problem (Pf ) ¢ whenever ¢ is an eztremal point of ¢f.
Section 3 is devoted to the proof of Theorem I. In section 4 we prove Theorems II
and III. In addition we show that Theorems I-III extend to problems (P(f0 T))I’y
f .Y
and (P(O,T))g :

1. Continuity of response functions in bounded intervals

In this section we establish Lipschitz continuity of response functions and uniform
boundedness results for families of minimizers in bounded intervals.

We start with some notation. Given f € M, T > 0, £ € R and z,y € R?
let S%({) (resp. S{,:(x,y), S}:(f,x,y)) denote the set of minimizers of problem

(P(];J,T))E (resp. (P({),T))I’y, (P({),T))z’y). Further, put

(11) AT =910, M(z.yT)=pr(z,y), MEzyT) =16 ,9).
Finally let F; =R, Ey = R? xR?, E3 = R x R? x R? s0 that A; is a function on
Ei X (O, OO)

The following is the main result of this section:

THEOREM 1.1: Let A{, i=1,2,3 beasin (1.1). Let D C (0,00) be a compact
interval and let K; be a compact subset of E;, 1 = 1,2,3. Then:
(i) Suppose that Fo C M is uniformly bounded in compact sets. Then the set
S%(z) is bounded in W27(0,T) by a constant independent of f € Fo, T €
D, zeK; (i=1,2,3).
(if) For every f € 9, the function (2,T,f) — Aif(z,T) is continuous on
E; x (0,00) x M. In addition the function is uniformly continuous on
K; x D x F, for any family of functions F C 9t which satisfies condition
(0.9)(iv) uniformly, i.e., AM € C[0, 00) such that

(12) |f(@)]+|Vf(@)| < M(lz1| + |22])(1 + |a3]"), Va € R, Vfe F.

(i) Let F be as in (ii). Then there exists a constant M; = M;(D, K;, F) such
that, for every f € F,

(1.3) A (2,T) = A2/, T)| < Mi(|z — 2| + T = T'|'/"),
VT, T' € [r,7'], 2,2’ € K,
where 1/y + 1/4' = 1 with v as in the definition of MM (see (0.9)).

The proof is based on several lemmas.
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LEMMA 1.2: Let D, K;, Fy and F be as in the statement of the theorem. Then:
(i) The set S%(z) is bounded in W?7(0,T) by a constant independent of f €
Fo, T€ D, z€ K; (i=1,2,3). (ii) There exists a constant M] = M/(D, K;, F)
such that, fori=1,2,3,

(1.4) Mz T)- A7, T)| < Mlz- 2|, ¥TeD, 22 €K, feF.

In some special cases, the continuity of A{ {-,T) (but not the Lipschitz property)
was proved in [7] and [8]. Another related result was obtained in {10]. Our proof,
given in Appendix A, employs an idea of [8, Lemma 1.3].

LEMMA 1.3: Under the same assumptions as before, there exists a constant M}
depending only on D, K, F such that, fori =1,2,3,
15) |A (2, T0) - A (2, T)| < MF|IT, - |V, VT, T €D, z€ K;, f € F.

Proof: To fix ideas we shall prove (1.5) for i = 3. The proof is the same in the
other two cases. In what follows ¢y, ¢, ... denote constants depending only on
D, K3, F. In particular we denote by ¢y a bound of S%(z) in C1[0, T} which, in
view of Lemma 1.2, can be chosen to be independent of z € K3, T € D, f € F.

Suppose that 77 < Tp. Let v € Sﬂ(z), z = (&z,y) € K3. Let 0 be the
extension of v to [0, T2] which is linear in [T}, T3] and satisfies X3(T1) = Xo(T1) =
y. Put § = X3(Ty), € = (D)(0,1;) and Z = (§,z,7). Then 5 € W*7(0,T) and

1 T 1
16) AT < SI(0,Th,9) < A (2, Th) + =11 (T1, T, 9).
Ty T, T
Since 7 restricted to [Ty, T2} depends only on y,
1 _
L) @D <a-N) y-d+ik-{<al-T),
where ¢; depends only on K3, F. By (1.6), (1.7) and Lemma 1.2(ii),

Aj(2,Ty) SAY(2,Ty) + M|z — 2|
(1.8) <M (2, Th) + Ma)z — 2|+ (T2 — T1)
<A (2, 1) + (T2 - Th).

Let w € Sqfwz(z) and put ¥’ = X(Th), & = (w)o,ry) and 2’ = (£',z,7'). In
view of Lemma 1.2(i) there exists a constant ¢; (independent of Ty, Ty, w) such
that

(1.9) 1€ = & + lw(Th) — w(T2)] < co(T2 — T1)
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and

T

o' (E) = /(B < [ (o)lds <(ra =1 (| " (s ds)
(1.10) 1 <eo(Ty — TV 1
Choose N > 0 sufficiently large so that
|b1] < co, |ba| < co, b3 > N = f(by,b2,b3) >0, VfeM.
Let x be a function on (0,73) defined by:

x#) =0 ifw'(t)>N and x{(t)=1 otherwise.

Put
Tz T2
A = / X&) flw,w',w")ds, Ay = / (1 —x(®)f(w,w',w")ds.
T T
Then, Ay > 0 and there exists a positive constant c3 such that
T
(111) A= f(w,w',w") ds Z A1 Z —Cg(Tg — T])
T

By (1.9), (1.10) and Lemma 1.2(ii), there exists a constant ¢4 such that
(1.12) ]Ag(z,Tl) - Ag,j(z’,:rl)] < Mgl — 2| < es(Ty = T0)7.
By (1.11),

1 1
AT = Eff(o,n,w) sﬁ(ffm,n,w) +e3(Ty — Th))

(1.13) <M (2, Ta) + (T = T).
By (1.12) and (1.13), there exists a constant cs such that

(1.14) A (2, T1) < A(2,T2) + es(T2 — T0) M.

Finally, (1.8) and (1.14) imply (1.5) for i = 3. |

Proof of Theorem 1.1: Statements (i) and (iii) follow immediately from Lemmas
1.2 and 1.3. Therefore it remains to prove (ii). The following fact is a consequence
of [10, Lemma 2.7] and statement (i) above:



Vol. 111, 1999 SECOND ORDER VARIATIONAL PROBLEMS 11

Let g e M, z € E;, T € (0,00). For every € > 0 there exist positive
numbers N, such that

M (2,T) = A2(2,T)| <e, Vf€E,N,8)={feM:(f,g) € EN,S},

with E(N, ) as in (0.7).
In addition, from the proof of [10, Lemma 2.7], it is easy to see that N,d can be
chosen independently of ¢,2,T for g € F, z € K;, T € D. Consequently, for
every z € E;, T € (0,00), the function f Aif (2,T) is continuous. Further-
more, this function is uniformly continuous at elements g € F. These facts and
statement (iii) imply (ii). ]

2. Auxiliary results

We start with some notation and background results. We assume throughout
that f is a function in 9.

(a) The set of minimizers of (Pf) (resp. (Pf) ¢) will be denoted by S(f) (resp.

S(& )
The set of periodic solutions of problem (Pf) (resp. (P7) E) will be denoted

by S(f) (resp. S(&; f)). If u € S(f), its minimal period will be denoted by 7(u).
In general S(¢; f) may be empty, but if £ is an exposed point S(E ) #D.

(b) For A € R, put fx(u,w,u") = f(u,u',u")~Au. Then J>(D;u) = J5(Dju)—

Auyp.

(c¢) In view of the convexity of ¢/ (see Proposition 0.1) it is easy to verify that

W=l () =X,  VAEdp(E), VEER,
(2.1) S(& ) S S(h), VX € 07 (£), V€ €R,

S(& f) =S(hH), VAe d'pf(€), YEER
In particular uf = inf /. In addition,
(22) S =UISEN A ede ()}, VAER
(d) Applying the method of mixtures of [4, sect. 2}, it is not difficult to see that
(2.3) pf =inf(P?) = inf(P{),

¢’ (¢) =inf(P7), = inf (P]),.

(e) Suppose that u € W27 (R, ) N WL°(R, ). We shall say that u is c-optimal
relative to f if, for every bounded interval D C Ry, u is a minimizer of (P[f,)m’y,
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where z,y are the values of X, at the end points of D. By [10, Lemma 2.6]
such a function is necessarily a minimizer of (Pi) However, if the boundedness
assumption is dropped, this conclusion may not remain valid.

In (7] a c-optimal minimizer was called a ‘minimal energy configuration’. The
concept was previously used in [1], with respect to a discrete model.
(f) The following result was established in [7, sect. 4]. A discrete version was
previously obtained in [6].

For every f € 9t there exists a function 75 € C(R?) such that

(24)  ph(z,y) > TW + 7l (@) - 7f(y), Vz,yeR?, VT >0.

Furthermore, for every T > 0 and every x € R? there exists y € R? such
that equality holds.
(g) For D = (T1,Ty) and v € W27(D) put

(2.5) I'(D;v) = I (D;v) — |D|pf + nf (X, (T2)) — 7 (X (T1)).

I'f will be called the modified energy functional. By (2.4) this functional is
non-negative. If v € Wi’](RQ N WLHo(R,), we shall say that it is f-perfect
if I/ (D;v) = 0 for every bounded interval D C R,.. Obviously, every f-perfect
function is a c-optimal minimizer of (P{).

We turn now to the main result of this section.

THEOREM 2.1: Let f € 9. If £ is an extremal point of the response function
©f, then problem (Pf ) ¢ possesses a periodic minimizer.

Remark: If £ is an extremal point, then either it is an exposed point, or it is an
end point of the (non-degenerate) interval of linearity £7(¢). In the first case, the
existence of a periodic minmizer of (Pf) ¢ Was established in [4, Lemma 3.1]. In
the second case, this result was stated in {4, Lemma 3.2] but the proof was not
complete. Specifically, the proof relied on a statement (based on an argument of
[7]) which may not be valid without some additional assumptions. The proof was
completed in [9] for integrands of the form (0.5). Here we establish the result in
the general case.

The proof of the theorem is based on the following lemma.

LEMMA 2.2: Suppose that f € 9 and that &, is a point such that

(2.6) ¢’ (€0) < f(£0,0,0).
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Further suppose that there exists a sequence {£,} converging to & such that &,
is an exposed point relative to pf and &, # &, for each n. Then there exists N
such that

(2.7) sup{T(w): w € §(&n; f), n > N} < o0.

Proof: Suppose that the result is not valid. By considering a subsequence if
necessary, we may assume that {£,} is strictly monotone and that for every n
there exists w, € S(&,; f) such that 7(w,) — co. We shall assume that {£,}
is monotone decreasing. The proof is similar in the case that it is monotone

increasing.
By (2.1) there exists A, € 8¢/ (¢,) such that w, € S(fx,). To simplify the
notation we shall write f, := fy,. Since ¢f is convex, the sequence {\,} is

monotone decreasing and Proposition 0.1 implies that it is bounded. Clearly its
limit Ao belongs to 8¢/ (&). In fact Ag is the one-sided (right) derivative of ¢/
at &.

We propose to show that

(2.8) Yp >0, Ine & — p, &l ©f (1) = £(n,0,0).

Obviously this contradicts (2.6).

By assumption f € 9M(a, 3,7,a). Clearly there exists b € R* such that f, €
M(a, B,7,b), n = 0,1,2,... and f, — fo := f7° in this space. Consequently,
the argument used in the proof of [10, Prop. 2.3] shows that

(2.9) sup [lwp|lwroo@m < M < oo.

Since wy, € 8(f,), it follows that w, is c-optimal relative to f,. This means
that, for every bounded interval D = (T}, T3) C Ry,

(2.10) J(D,wn) = i (K, (T1), X, (T2)).

Clearly, (0.9)(iv) holds uniformly in F = {f,}. Therefore, by Theorem 1.1(i),
(2.9) and (2.10) it follows that, for every T > 0, there exists a constant c¢(T')
depending continuously on T such that

(2.11) lwnllw2xpy < (T), VD=(s,s+T)CRy,n=12,....

If w, is a constant, then its value is &, and ¢/ (£,) = f(£.,0,0). Therefore
(2.6) implies that for sufficiently large n, wy, is not a constant. Without loss of
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generality we assume that w,(0) = infg w, < &, for all n. Put 7, = 7(w,) (=the
minimal period of wy,). By {10, Lemma 3.1} there exists 7, € (0, 7(w,)) such that
wh, 18 strictly increasing in (0, 7,,) and strictly decreasing in (7, 7(w,)). Consider
the interval

Kn = {t €[0,7): wa(t) > & — p},

and put ¢, = |K,|/m,. Note that

én = (Wn)(0,7,) < Mcn + (§n — p)(1 —cn),

which implies that liminfc, > 0. Therefore, since 7(w,) — oo, it follows that
|Kn| = oo. Let K, = [Kkn,k:]. Then either {7, — kn} or {k} — 7n} or both
are unbounded. In the remaining part of the proof we assume that {7, — k,,} is
unbounded. The same argument works if {k} — 7,,} is unbounded.

By considering a subsequence if necessary, we may assume that h, = %, — Kk, —
0o. Put

Up(t) = wp(t + Kn), VE>0.

The boundedness of {w,} (see (2.11)) and standard compactness results imply
that there exists a subsequence of {v,} which converges in C!(D) and weakly
in W27(D), for every bounded interval D C R,. We shall assume that the full
sequence {v,} converges in this sense and denote its limit by v. By the weak
lower semi-continuity of the functional I/°(D;-) (see [2]) it follows that

(2.12) I°(D;v) < liminf I°(D;v,) = lim inf I (D; v,,),

n—ro0 n—+00

for every bounded interval D C Ry. Put z = X, (Th), y = X,(T2) where T, T,
are the end points of D. The equi-continuity of the sequence of response functions
{[L;" o0, together with (2.10) imply that

lim (J/(D,vn) — il (z,9)) = 0.

n—>o00

In addition,
Jim Afp (z,9) = Afp, (@)

This is an immediate consequence of the uniform boundedness of minimizers of
the sequence of problems (Plf)")x’y,n =1,2,... (see Theorem 1.1{i)). Hence

lim J*(D,v,) = if3, (z,y),

n—oo
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and consequently, by (2.12),
(2.13) JP(D;v) = lim J5(Dsvn) = il (2, ).
n—oQ

Thus v is c-optimal relative to fo. Since v,, n = 1,2,..., is monotone increasing
in (0, hy,) and h,, — 00, it follows that v is non-decreasing in R . As v is bounded,
it follows that it has a limit at +o0,

(2.14) n:= lim v{t) > & — p.
t—o0
Furthermore, we claim that

(2.15) lim v'(t) = 0.

t—0

To verify this claim, let T > 0 and put 2,(t) = v(n +¢), t € (0,T). Since
{2,} is bounded in C*{0,T) we conclude (by the same argument that was used
in proving (2.11)) that {z,} is bounded in W27(0,T). Therefore a subsequence
{2n, } converges weakly in this space to a function z. Clearly this function has the
constant value 7. Therefore 2, — 2 weakly in W7(0,T) and hence in C*{0,T}.
This implies (2.15).

Since v is a minimizer of (Pf") and (v} = 7, it follows that it is also a minimizer
of (Pi)n and

(2.16) po = I (n) = don.
We claim that
(2.17) of (n) = J{(v) = £(n,0,0).

By [10, Prop. 2.3], since v is c-optimal relative to fo, there exists a constant co
such that

(218) [77o(Ds0) - | < 17

for every bounded interval D. Therefore, by [10, Lemma 2.5], there exists an
fo-perfect minimizer v such that

{(u,w)(): t € Ry} C Q(v) = {(n,0)}.

(Here, as in [10], Q(v) denotes the limit set of (v,v’).) Thus u is the constant
function with value 7. Since it is a minimizer of (P_{_"), we conclude that

ufl) = fO("?} 0’ 0) = f("?? 07 0) - ’\07}
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This fact and (2.16) imply (2.17).

By (2.2), Ao € 99f(n). Since {\,} is strictly decreasing to g, which is the
one-sided (right) derivative of ¢/ at &, it follows that 5 < &. This fact together
with (2.14) and (2.17) yield (2.8) and the proof is complete. |

Proof of Theorem 2.1: If £ is an exposed point, the existence of a periodic
minimizer of (Pf)¢ is known (see [4]). Therefore we assume that £ is not an
exposed point. Since it is an extremal point, it follows that £ is an end point
of the (non-degenerate) interval of linearity £(£) and that ¢! is differentiable
at £. As in the proof of [4, Lemma 3.2], it can be shown that in this case
there exists a sequence {,} with the properties mentioned in Lemma 2.2. If
! (€) = f(£,0,0), then of course the constant function with value ¢ is a periodic
minimizer. Therefore we may assume that (2.6) holds. Let w, € S(&,; f) and
A, m = 1,2,... be as in the proof of Lemma 2.2 with A\, — Ao = (¢f)'(£).
The lemma implies that the sequence {7(wy,)} is bounded and we may assume
that it converges, say to 79. As shown in the proof of the lemma, the sequence
{wy} is uniformly bounded in C*(R) and in W27 (R). Therefore there exists a
subsequence which converges uniformly on every compact subset, and weakly in
W2Y(R) to a periodic function w with period 7o. It follows that w is a minimizer

loc
of problem (Pf) and that
1 [
w) = — w=_¢.
W= [Tu=t
[ |

Thus w is a minimizer of problem (P7) ¢

3. Uniform boundedness of approximate minimizers
In this section we prove Theorem I. Its proof is based on several lemmas.

LEMMA 3.1: Assume that f € 9 and §, T are positive numbers. Then there ex-
ists a number M = M(f, 7, 8) such that, for every T > T and every é-approximate
minimizer v of (P(’; T)),

(3.1) lvllcior) €M and  sup F((s,s+1);v) < M.
0<s<T-1

Proof: The lemma can be established by essentially the same argument as in
the proof of Lemma 2.2 of [8]. For the convenience of the reader we present the
proof here.

Without loss of generality we may assume that T > 1. Indeed for T € [r,1],
(3.1) follows from the coercivity condition (0.11). Put T = n + b, where n is an
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integer and 0 < b < 1. Consider the partition of (0,T) into subintervals {K;}q’
where K; = [j,j+1)ifj<n—-land K,_; =[n—1,n+b.
Let v be a d-approximate minimizer:

(3.2) F((0,T);v) < Tuh + 6.

Put 7(j) = j for j =0,... ,n— 1 and 7(n) = T. Choose a positive number Ry
such that, for any interval D with 1 < |D| < 2,

(3.3) uw€e WD), sup|Xy| > Ro==1/(D;u)>1/(D,0)+1.
D

The existence of such a number Ry is guaranteed by the coercivity condition
(0.11). Put

(3.4) mo = sup{|af(z,v)|: 1 < T < 2, |z| < Ro, |y < Ro}.
Let R; be a positive number such that, for any interval D with 1 < |D| < 2,

(35) we W2Y(D), sup|Xy|> Ry = I/(D;u) > 2(mg +bo) + 8 + 1,
D

where bg is the constant involved in the coercivity condition (0.11).
Suppose that there exists j such that

(3.6) sup |X,| > R;.
K]

We shall show that this leads to a contradiction. Let j;, jo be two integers such
that 0 < j; < j < jo < m, supg, |Xo| > Rp for j; < i< j2,and D = [r(51),7(j2)]
is the maximal interval satisfying these conditions. Put D = ('(j1), ™" (G2)),
where 7/(i) = max( — 1,0) and 7"(i) = (i + 1), i <nand 7"(n) = T.
Next we associate with each point 7(j), = 0,... ,n a point {; € R? as follows:
(i) ¢ = 0,0), if 7(4) € D,
(i5) ¢; = Xo(r(5)), if 7(j) & D.
Let © € W27(0,T) be a function such that

B(t) = v(t), Vte (0,T)\D,

and 7 is a minimizer of (P,f(‘)(c"c‘“) in every interval K; C D.
By (3.3)-(3.5),

H(D; %) < I (D;v) ~ mq —2(mg + bg) ~ §,
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where m, is the largest integer not exceeding |D|, and
I (D;) < IF(D;v) —mq — 6.
Hence, by (3.2),
F((0,T);%) < IF((0,T);v) =1 -6 < Tph — 1.

Obviously this is impossible. This proves the first inequality in (3.1).
To verify the second inequality observe that, for every s € [0,T — 1],

(3.7) F((s,s+1);v) <6+ 4l (z,y), where &= X,(s), y = Xo(s+1).
Indeed if (3.7) fails for some s € [0, T — 1], then consider the function @ given by
t=wu, in [0,s]U[s+1,T); d4=w, in [s,s+1],

where w is a minimizer of (P(fs’sﬂ))x’y. Then I7((0,7);4) < <p§1, which is

impossible. Now, the first inequality in (3.1) implies that

sup i (Xu(s), Xu(s + 1)) < M,
0<s<s+1

where M’ is a constant which depends only on M. Therefore the second inequality
in (3.1) (with an appropriately modified constant M) follows from (3.7). ]

LEMMA 3.2: Assume that f € 9 and let 7 > 0. Then there exists a positive
constant Cy; = C1(f;7) such that
(3.8) luh — | < T, VT >

Proof: Let v* be a periodic minimizer of (Pf). Let 7* be the smallest period of
v* such that 7* > 7. Let T'= n7* + b, where n is an integer and 7* < b < b; :=
27*. Then

(3.9) Tuh < F((0,T);0") < Twf +c,

where
e1 = IM1((0,b1);0*) — by?

Let v be a minimizer of (P({),T)). By Lemma 3.1 there exists a constant M =
M(f;7) (independent of T and v) such that ||v||c1jo, 7] < M, for every T > 7. Let
wy (resp. wo) be a minimizer of (P({J, T))o,z (resp. (P(fo,r))y’o), where z = (v, v')(0)
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and y = (v,v')(T), respectively. Then I/{(0,7);w;), i = 1,2 is bounded by a
constant C’ which depends only on M and 7. Hence C' depends only on f and
7. Further, let U7 be a periodic function with period T + 27 defined as follows:

wl(t), t e [0,7’),
(3.10) br(t) =< vr(t—7), te[r,T+ 7l
wart-T—7), te(T+7T+27].

Then

1 Tuk +2¢
3.11 f < AT T
( ) H T+ 21

o, O7) <
=Tiror ((07 +2'T)?UT) —=

Finally, inequalities (3.9) and (3.11) imply (3.8). ]

COROLLARY 3.3: Assume that f € IR and 6, 7 are positive numbers. Then there
exists M > 0 such that, for every T > 7 and v € W27(0,T),

(3.12)

I((0,T);v) <Tpf +6 = Ivlicior) <M and  sup H((s,s +1);v) < M.
0<s<T—1

Proof: This is an immediate consequence of the previous two lemmas. B

LemMMA 3.4: Assume that f € 9 and let 7 be a positive number. Then, for
every real )\, there exists a constant C(\) = C(f,7; A) such that

(3.13) EER, A€ dp! (&) = [ph(€) — T (&) SCN)/T, VT >

Proof: Let fx be the function given by fi(u,p,7) = f(u,p,7) — Au. Since
f € M(a,B,7,8), it is clear that fi € M{a,3,v,&) for some appropriate &’
Observe that, for every real &,

A€ B () = uP =M (&) = ¢ (8) - a.
Therefore the statement of the lemma is equivalent to the following:
(314)  E€R, pP =P (O =P (O - P (OIS CO)/T, VI >

To simplify the notation we shall prove this statement for f rather than f,.
Put E = {¢: ¢f(¢) = u'}. By Proposition 0.1, E is a closed bounded interval
which may reduce to a single point. If ¢ € F and there exists a periodic minimizer
of (PY) e
of the proof of Lemma 3.2. This is always the case if E consists of a single point.

then inequality (3.14) follows by the same reasoning as in the first part
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Note that for any £ € R we have ,ué‘ < <pT (£). Hence, by Lemma 3.2,

C
(3.15) W= <up < pp(©).

Therefore it remains to prove that there exists a constant C such that, for € € E,
C
(3.16) or(©) <u 7, VT2

Assume that E = [£1,&;] is a non-degenerate interval. By Theorem 2.1, prob-
lem (Pf ) possesses a periodic minimizer u; for i = 1,2. Therefore it remains
to prove (3 16) for £ € (£1,&2). For this purpose we shall construct a function
v € W2 N C0,T] such that
(3.17) W =& T(0,T)0) <Tp! +C,

where C’ is a constant independent of £ and T'.
Let 7; be the minimal period of u; subject to the condition 7; > 7. We may

assume that T' > 2(11 +72). Let p = (€2 —&) /(&2 —&1) so that p& +(1—p)&e = £.
Finally let ny,ns be non-negative integers such that 0 < b; := T} — n;7; < 27;
(j=1,2) and 7 < b= by + by. For ¢t € [0,T), put

ug(t), 0<t<mm,
(3.18) v(t) = ¢ w(t —nim), nmm <t <b+mm,

ot —b—nim), b+mm <t<T,
where w is a minimizer of (P, b))g, with z = X, (0), y = X4, (0) and

b1&1 + ba&a

¢ =1

Then, (v)(o,1) = £ and

I ((0,T);v) < (T = b)p! + I ((0,b);w) = Tp! +C,

C' = 2(r + ) |pf | + sup{fs(n, =, y) : Inl <[€], 7 < S <2(n +72)}.
Clearly C’ is independent of T so that v satisfies (3.17). This proves (3.16). ]

Proof of Theorem I: Let v be as in the statement of the theorem. Lemma 3.4
and (0.14) imply that

(3.19) J50,T;v) < of () + (C(N) +8)/T, VT >
Since (v)(o,ry = § and pir = pf (€) — AE, it follows that
(3.20) JP(0,T;0) < 9™(&) + (C(A) +6)/T = pP* + (C(N) +6)/T, VT >

Hence, by Corollary 3.3, there exists a constant M depending on f, A, 7,4, but
independent of T, such that (0.15) holds. |
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4. Uniform distribution of energy and mass

In this section we prove Theorems II and III and discuss their extension to some
related problems. We start with

Proof of Theorem III: Let v be as in the statement of the theorem. Then v
satisfies (3.20). Theorem I and (1.4) imply that there exists a positive constant
C’ depending on f, such that

’

c
4.1) Jf'\(DW 2/1"’\ —
( ) D

for every interval D C (0, 7).
Now suppose that T' > 47 and that D = (¢),t2) is an interval contained in
(0,T). Put Dy = (0,¢;) and Dy = jt5,T). Then, by (3.20) and (4.1),

2(D;v) + (|Dy] + (Do) = 2C7 < I2((0,T);0) < T + C(A) + 4.
Consequently
(4.2) I(D;v) < |Dlu* +C",

where C” is a constant depending only on f,4,A,7. Combining (4.1) and (4.2)
we obtain (0.18). (Recall that under the assumptions of the theorem pf* ==
! (€) — AE.) The second inequality, (0.19), is a special case of (0.18). 1

For the proof of Theorem I1 we need an additional lernma.

LEMMA 4.1: Assume that f € M and let 7,0 > 0. Put B, = {z € R?: |z| < a}.
Then there exists a positive constant A = A(f;7,0) such that

(i) ar(z,y) —prl < AT, YT 27, 2,y € By,

(i) |pf(6z.9) - of@ < A/T, VT 27 [¢l<0, z,y€ B,
Proof: Clearly pé < ﬂg.(m,y) and cp{.(f) < @4({,.’1:,.1/). Therefore, in order to
prove (i) and (ii), we only have to show that

(4.3)

(4.4) ip(z,y) < ph+ A/T, VT'271, z,y€B,,

and

(4.5) Ph(E2,y) S ph+ AT, VT >1,|€l<o z,y€ B,
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The functions T — p';, (z,y,T) — cpéﬂ(:v,y) and ({,z,y,T) — ¢§(§,z,y) are
continuous in Ry, R* x R, and R® x Ry, respectively (see Theorem 1.1). There-
fore, without loss of generality, we shall assume that 7 > 4.

Let v be a minimizer of (P({),T)) in case (i), respectively (P(’;,T)) ¢ in case (ii),
with T > 7. By Lemma 3.1 and Theorem I there exists a constant M depending
only on f, 7, £ such that |[v[lcijo,r) < M. Let Ug?z,( be defined as in (A.10) and
put

vi=v+ Ug:z,g where z =z — X,(0), ¢(=y— X,(T).

Then X5(0) =z, Xo(T) =y, (9)0,7) = (v)(0,7) and consequently
(46)  ifle,y) <J(O,1)0) < pf+M/T, VayeK, T2,

and
(4.7)
@&, 2,y) < JT(0,T);9) < ph(€) + M'/T, Vé€([-0,0), z,ye K, T >,

where
M’ :/ (|£(@,7,9") — f(v,v/,v"))] dt.
[0,1]u[T—1,T]

In view of (0.9) it is easily seen that M’ depends only on f, M, K and therefore
onlyon f, 7, &, K. |

COROLLARY 4.2: Under the assumptions of the lemma, there exists a positive
constant by = by(f;7,0) such that

(438) |if(e,y) = | S0a/T, V27, 2,y €B,.

In addition, for every real £, there exists a constant b, = by(f;7,0,€) such that

(49) 64(6,2,9) = o7 (©) S bo/T, VT 27, z,y€ B,.
Proof: 'This is an immediate consequence of Lemmas 3.2, 3.4 and 4.1. |

Proof of Theorem II: Let £5()) = [£1,&2]). (The interval may, of course, reduce
to a single point.) Suppose that the first inequality in (0.16) fails. Then there
exists a positive number ¢, a sequence {T,,} tending to infinity and a sequence
{vn} such that, for each n, vy, is a §-approximate minimizer of problem (P(fo,Tn)) ¢
and there exists an interval D, C (0,T},) satisfying

(4.10) |Dp| = 00 and b, = (vn)p, =+ b & [61 —€,& +¢].
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By Theorem I, there exists a constant C = C(A;4,7; f) such that v, satisfies
(0.15).

For ecach n, v, is a d-approximate minimizer of problem (P,f)n)Z"'y" where
Dy, = (Ta1,The) and z, = Xy (Th,1), Yn == Xo, (Tn2). This is proired by the
same argument as in the proof of Lemma 3.1. Since |z,|, |yal, |bn] < C, Lemma
4.1 implies that there exists a positive number §; independent of n (depending
only on f, 7, 6 and C) such that v, is a §;-approximate minimizer of problem

(Plj),,)b"’ ie.
(4.11) J(Dyivn) < 9L (bn) + 61/, where 7, = |Dy|.

Tn

Let u, be a minimizer of problem (P,’;n)b. By Theorem I the sequence {u,}
is uniformly bounded as in (0.15). As mentioned before, {v,,} is also uniformly
bounded in this sense. Therefore we can apply the argument used in the first
part of the proof of Theorem 1.1 to derive the following:

(4.12) !, (ba) - 0L (0)] < c2lb = bal,

where ¢; depends on the uniform bounds for {v,} and {u,}, on b, 6; and f but
not on n. Hence, by Lemma 3.4,

(4.13) lim np{n (bn) = &/ (b).

Since cp{" (bp) < J!(Dy;vn), (4.11) and (4.12) imply that

(4.14) lim J5(Dy;vn) == @/ (b).
Therefore,
(4.15) JIM(Dniva) = 0?2 (b)

with f) as in the proof of Lemma 3.4. On the other hand, by Theorem III,
specifically by (0.18),

(4.16) I (Dgiva) = 972 (8).

Thus p/>(b) = @f*(£), which implies that b € £¢()), in contradiction to (4.10).
This contradiction proves the first inequality in (0.16). In view of Theorem III,
the second inequality follows from the first. i

As a consequence of Lemma 4.1 we obtain the following extension of Theorems
I-111
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THEOREM 4.3: Let f € M. Given A € R and positive numbers 3, 7, ¢ there
exists a number C = Cy(); §,7,0) such that the following statement holds.

Let v € W27(0,T), £ = (v)o,r) and A € 8/ (€). If T > 7 and z,y € B,, and
if v satisfies

(4.17) JI(0,T;v) < @h(€,2,9) + 6/T,

i.e. v is a 6-approximate minimizer of (P(f0 T))I'y

P then v satisfies (0.15) and

{0.18). In addition, given € > 0, there exists a number L = L¢(X;¢€,6,0) such
that, if T > L and v satisfies the above assumptions, then (0.16) holds.

Finally, if v is a §-approximate minimizer of (P(J;,T))x’y, then it will satisfy
(4.17) and consequently the above statements will apply to it.
Proof: Lemma 4.1 implies that if v satisfies the conditions of the theorem, then
it is a d-approximate minimizer of problem (P({) T)) e where § = 6 + 2A4. (A will
also depend on A, or, more precisely, on a bound for £¢()).) Therefore the stated
result follows immediately from Theorems I-III. 1

A. Appendix

In this appendix we provide a proof of Lemma 1.2.

Without loss of generality, we shall assume that 7 > 4, where 7 is the left end
point of D. By rescaling we can always reduce the situation to this case. Put
G, =K, xDxF.

For T > 1 we have by < ph(£) < f(£,0,0) with by as in (0.11). Since bg is
independent of f € M it follows that {AJ(£,T) : (£,T,f) € Ky x D x Fo} is
bounded. Therefore statement (i) follows from the coercivity inequality (0.11).

Let £ € Randlet u; € S;If-\(éj) (j = 1,2). Then the function u; = u1 +(&2—£&1)
satisfies (11)(p,7) = &2 and consequently

JH((0,T);51) > M (&, 7).
On the other hand,
|7/ (0, 7)) - Af (6, T)| < Au(£, )/,

where

T
A1) AT = / Flun o) — flun + (62 — &), db.
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Hence, Af(¢£,,T) + A;/T > Af (€, T). Similarly, we obtain
M (&2, T) + A2(£,T)/T > A (€1, T)

where

T
(A.2) A(f,T) = /0 |f(u2,up, uz) — fug = (€2 = &), uy, uy)| dt.
Consequently,

(A3) |6 (61,7 - M (&, 7)) < (41 + 4)/T.

By (A.1) and (0.9), if u € SL(€) is a minimizer of (P({)‘T))E and n € R,

T T
(A.4) / |f(u,u',u") — flu+n,u, 0" dt < C'0|77|/ (1 +[u"")dt < Cilnl,
(] 0

where Cj,C, are constants independent of £,T, f in G;. This inequality and
(A.3) imply (1.4) fori = 1.
Let V € C%([0, 1] x R?) be a function such that

(A.5) (V,V')(0,2) =2z, (V,V')(1,2)=0, V(t,0)=0,

where V' = 9V/at. In fact, one can construct a function V possessing these
properties, such that V (-, z) is a polynomial of order 3 with coefficients in C*°(R?)
vanishing at zero. For every z,y € R? and T > 2, let V,T, be a function on [0, T]
defined as follows:

V(t,I), 0<t< 1:
T _
(A.6) VI =10, 1<t<T-1,
V(T-tg), T—1<t<T,

where (for y = (r1,72)) 7 = (r1, —72).

For T' > 2 we have by < [z!r(a:,y) < Jf((O,T);ng), with by as in (0.11).
Therefore {Ag(x,y,T) (z,y, T, f) € Ko x D x Fp} is bounded. As before, this
fact and (0.11) imply statement (i) for i = 2.

Given two pairs of points in R?, say z1,y1 and x2,y2, let u; be a minimizer of
(Phpy)® %, § = 1,2. Put

'L—Ll(t) = U + Vij:g, ﬁQ(t) = U9 — VJ;I,‘Q’
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where £ = z9 — z1, § = y2 — y1. Then
Xa,(0) =22, X, (T) =905 Xu,(0) = 71, X, (T) =1,
and consequently
T, 1)) 2 M (22,92, T), T ((0,T);82) 2 A (a1, 11, 7).
On the other hand, for j = 1,2,

|77 (0,7):,) - Af(w;,4,,T)| < B,(£, T)/T,

where
Bi(.7) = | [ lug, ) — £y, 5)|
(0,1]U[T—1,T]
Hence
(A7) |A£($1,y1,T) - Ag(wz,yz,T)| < (B1 + B)/T.

Put n = |22 — 21| + |y2 — y1]. As before (see (A.4)) we obtain
(A.8)

B, < Can(IV Cyslloaos + V(- Cllcaon) [ (1 +[u") de < Can,
[0,1]u[T-1,T]
where ¢g, C; are constants independent of z;,y;,T, f in Ga. This implies (1.4)
for i = 2.
Let U € C?([0,1] x R*) be a function such that (for z,{ € R?)
{A.9)

i

(UU0,2,¢) =2, (U,U)Q1,2¢)=¢ U0,0)=0, / Ut, z,¢)dt =0,
0

where U’ = 8U/8t. One can construct a function U satisfying these conditions

such that U = U(t,2,{) is a fourth order polynomial with respect to ¢ with

coefficients depending smoothly on z, (.
For z,{ € R? and n € R, let U T z,¢ be the function given by

U(t, 2, (n,0)), 0<t<l,
(A.10) UL, t) =14 (1+2/T)n, 1<t<T -1,
U(t”‘T‘i‘ly(n)O)a()a T—lﬁtST

Observe that u = UZ:ZYC € Wa,00(0,t) and

(Wem = u)0)=2z (uu)T)=(
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Therefore
bo < $4(€,2,0) < JI((0,T); UL, ).

Consequently, {Ag({,z,(,T): (€,2,¢) € K3, T € D, f € Fy} is bounded. As
before, this fact and (0.11) imply statement (i) for i = 3.
Given z),41,22,y2 € R? and £,& € R let u; € S%(Ej,xj,yj), j=1,2. Put

w1(t) = u1+U:’r‘z'(, Uy(t) = UQ_Ug:z‘< with n=§-&, 2 =2,—21, (= y2—1-

With this notation, the proof of (1.4) for i = 3 is completed as in the previous
cases. ]
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